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SOME CONSEQUENCES OF REFLECTION ON THE
APPROACHABILITY IDEAL
ASSAF SHARON AND MATTEO VIALE
Abstrat. We study the approahability ideal I[κ+] in the ontext of large
ardinals properties of the regular ardinals below a singular κ. As a guiding
example onsider the approahability ideal I[ℵω+1] assuming that ℵω is strong
limit. In this ase we obtain that lub many points in ℵω+1 of onality ℵn for
some n > 1 are approahable assuming the joint reetion of ountable families
of stationary subsets of ℵn. This reetion priniple holds under MM for all
n > 1 and for eah n > 1 is equionsistent with ℵn being weakly ompat
in L. This haraterizes the struture of the approahability ideal I[ℵω+1] in
models of MM. We also apply our result to show that the Chang onjeture
(ℵω+1,ℵω)։ (ℵ2,ℵ1) fails in models of MM.
1. The approahability ideal
In the ourse of development of the pcf-theory of possible onalities Shelah
has introdued several interesting stationary sets on the suessor of a singular
ardinal
1
. Among these are the sets of approahable and weakly approahable
points in κ+, where κ is a singular ardinal. Given A = {aα : α < κ
+} ⊆ [κ+]<κ, δ
is weakly approahable with respet to A if there is H unbounded in δ of minimal
order type suh that {H ∩ γ : γ < δ} is overed2 by {aα : α < δ} and δ is
approahable with respet to A if there is H unbounded in δ of minimal order type
suh that {H ∩ γ : γ < δ} ⊆ {aα : α < δ}.
Denition 1.1. Let κ be a singular ardinal. S is (weakly) approahable if there
is a sequene A = {aα : α < κ
+} ⊆ [κ+]<κ and a lub C suh that δ is (weakly)
approahable with respet to α for all δ ∈ S ∩ C. I[κ+] is the ideal generated by
approahable sets, I[κ+, κ] is the ideal generated by weakly approahable sets.
It is lear that I[κ+] ⊆ I[κ+, κ]. For many of the known appliations of approaha-
bility, it is irrelevant whether we onentrate on the notion of weak approahability
or on the apparently stronger notion of approahability. Moreover in the ase that
κ is strong limit and singular I[κ+] = I[κ+, κ] (setion 3.4 and proposition 3.23 of
[3℄). For this reason we feel free to onentrate our attention on the notion of weak
approahability whih applies to a more general ontext. It is rather easy to show
that I[κ+, κ] is a normal κ+-losed ideal whih extends the non-stationary ideal.
A main result of Shelah is that there is a stationary set in I[κ+] for any singular
ardinal κ (theorem 3.18 [3℄). There are several appliations of this ideal to the
ombinatoris of singular ardinals, we remind the reader one of them and refer
The seond author wishes to thank Boban Veli£kovi¢ for several useful hints and omments on
previous drafts. In partiular the results in subsetion 2.4 are due to him.
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[3℄ is our main referene soure.
2
I.e.: for every γ < δ there is α < δ suh that H ∩ γ ⊆ aα.
1
2 ASSAF SHARON AND MATTEO VIALE
him to setion 3 of [3℄ for a detailed aount: the extent of this ideal an be used to
size the large ardinal properties of κ. I[κ+, κ] is trivial unless the ardinals below
κ+ have very strong ombinatorial properties (in the range of superompatness).
Thus for example if square at κ holds I[κ+] = I[κ+, κ] = P (κ+) (theorem 3.13 of
[3℄). On the other hand if λ is strongly ompat and κ > λ is singular of onality
θ < λ then there is a stationary subset of κ+ of points of onality less than λ whih
is not in I[κ+, κ] (Shelah, theorem 3.20 of [3℄). In the same spirit if MM holds there
is a stationary set of points of onality ℵ1 whih is not in I[ℵω+1,ℵω] (Magidor,
unpublished). It is also onsistent
3
that for unboundedly many α < ω2 there is
a stationary set of points of onality ℵα not in I[ℵω2+1]. It is an open problem
whether it is onsistent that there is a stationary set on ℵω+1 onentrating on
onalities larger than ℵ1 and not in I[ℵω+1] (see for example the introdution of
[5℄ or the end of setion 3.5 in [3℄). We will give a partial answer to this question
showing that this is not the ase in models of MM. Our results have broader on-
sequenes and give serious onstraints to the possible senarios where this problem
may have a positive solution. We briey introdue some relevant onepts in our
analysis. Sλθ denote the subset of λ of points of onality θ. A stationary subset of
λ reets on α if it intersets all the losed and unbounded subsets of α.
Denition 1.2. Let θ < λ be regular ardinals.
R(λ, θ) holds for innite regular ardinals θ < λ if there is S stationary subset
of λ suh that for all families {Si : i < θ} of stationary subsets of S there is δ < λ
suh that Si reets on δ for all i.
R∗(λ) holds if if there is S stationary subset of λ suh that for all families
{Si : i < λ} of stationary subsets of S there is δ < λ suh that Si reets on δ for
all i < δ.
It is lear that R∗(λ) implies R(λ, ζ) whih implies R(λ, θ) for all θ ≤ ζ < λ.
Moreover it is not hard to realize R∗(λ) and R(λ, θ) and we will substantiate this
in setion 3. We now state one of our main result whih gives rightaway a lear
piture of what we are aiming to. Given regular ardinals θ < λ, λ is θ-inaessible
if ζθ < λ for all ζ < λ.
Theorem 1. Assume:
• κ is singular of onality θ and ν = κ+,
• λ < κ is either θ-inaessible or in [θ+, θ+ω),
• R(λ, θ) holds.
Then Sνλ ∈ I[ν, κ].
Immediate appliations of theorem 1 are the following:
Corollary 2. Assume λ is weakly ompat κ > λ is singular onality θ < λ and
ν = κ+. Then Sνλ ∈ I[ν, κ].
Proof. λ is θ-inaessible and satisfy R(λ, θ) (see fat 3.1). Now apply theorem
1. 
The reetion hypothesis of the main theorem holds in models of strong foring
axioms, for example we an prove:
3
See for example [7℄ where this is ahieved in the presene of a very good sale on
Q
α<ω2
ℵα.
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Corollary 3. Assume Martin's maximum MM holds. Then lub many points in
S
ℵω+1
>ℵ1
are approahable.
Proof. MM implies R(ℵn,ℵ1) holds as witnessed by S
ℵn
ω for all n > 1 (see [6℄). Now
apply theorem 1. 
We will also be able to obtain by a slight variation of the proof of theorem 1:
Theorem 4. Assume the proper foring axiom PFA. Then lub many points in
S
ℵω+1
>ℵ2
are approahable.
Proof. By theorem 2.15 and theorem 2.8. 
Finally in setion 4 we will apply these results to the study of Chang onjeture
and prove for example:
Theorem 5. Assume R(ℵ2,ℵ0). Then (ℵω+1,ℵω)։ (ℵ2,ℵ1) fails.
1.1. Notation and denitions. The paper aims to be aessible and self-ontained
for any reader with a strong bakground in ombinatorial set theory. While no
familiarity with foring is required, a basi aquaintane with large ardinals om-
binatoris is assumed. When not otherwise expliitly stated [8℄ is the standard
soure for notation and denitions. For a regular ardinal θ, we use H(θ) to denote
the struture 〈H(θ),∈, < 〉 whose domain is the olletion of sets whose transitive
losure is of size less than θ and where < is a prediate for a xed well ordering
of H(θ). For ardinals λ ≤ κ we let [κ]λ be the family of subsets of κ of size λ.
In a similar fashion we dene [κ]<λ, [κ]≤λ, [X ]λ, where X is an arbitrary set. If
X is an unountable set and θ a regular ardinal, E ⊆ [X ]θ is unbounded if for
every Z ∈ [X ]θ, there is Y ∈ E ontaining Z. E is bounded otherwise. For a set
of ordinals X , X denotes the topologial losure of X in the order topology. For
regular ardinals λ < ν, Sνλ denotes the subset of ν of points of onality λ. In
a similar fashion we dene Sν<λ, S
ν
>λ, et... For the ease of the reader we will let
θ < λ < ν range over regular ardinals and κ range over singular ardinals in most
ases of onality θ, moreover unless otherwise stated the reader may safely assume
that ν = κ+. We say that a family D is overed by a family E if for every X ∈ D
there is a Y ∈ E suh that X ⊆ Y .
2. Covering matries and the approahability ideal
Shelah provides a haraterization of the ideal I[κ+, κ] whih is suitable for our
analysis. Let κ be singular and let:
d : [κ+]2 → of(κ).
• d is normal if D(i, β) = {α < β : d(α, β) ≤ i} has size less than κ for all i
and β,
• δ is d-approahable if there is H unbounded in δ suh that d[[H ]2] is
bounded in of(κ).
The following is an equivalent denition of I[κ+, κ] (theorem 3.28 [3℄):
Property 2.1. Let κ be singular of onality θ. S ∈ I[κ+, κ] if and only if there
are a normal oloring d and a lub C ⊆ κ+ suh that δ is d-approahable for all
δ ∈ S ∩ C.
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Proof. We prove only the bakward diretion whih is the one that we need. So
assumeX is a subset of κ+ suh that for some normal d any δ ∈ X is d-approahable.
Let D(i, β) = {α < β : d(α, β) ≤ i}. We want to dene a family E = {eα : α < κ
+}
suh that every point in X is weakly approahable with respet to E . To this aim
x a bijetion φ : θ → θ2 and let pi0 and pi1 be the projetion maps of θ
2
onto
θ. Notie that every ordinal δ below κ+ an be deomposed uniquely as the sum
δ = α+ i where i < θ and α is divisible by θ. Now for every α < κ+ divisible by θ
and for every i < θ set eα+i = D(pi0 ◦ φ(i), α + pi1 ◦ φ(i)). It is not hard to hek
that if δ is d-approahable, then it is weakly approahable with respet to E . 
The oloring d is determined by the matrix D(d) = {D(i, β) : i < of(κ), β <
κ+} whereD(i, β) = {α < β : d(α, β) ≤ i}. It will be onvenient for us to treat suh
matries instead that the related oloring. Our aim is to show that mild reetion
properties of a regular λ < κ entail that for a suitably hosen normal oloring d
all points in κ+ of onality λ are d-approahable. This leads us to introdue and
analyze the notion of a overing matrix.
2.1. Covering matries. The reader is referred to [15℄ for a detailed aount of
the results that are mentioned here without proof.
Denition 2.2. For regular ardinals θ < λ, D = {D(i, β) : i < θ, β < λ} is a
θ-overing matrix for λ if:
(i) β =
⋃
i<θD(i, β) for all β,
(ii) D(i, β) ⊆ D(j, β) for all β < λ and for all i < j < θ,
(iii) for all β < γ < λ and for all i < θ, there is j < θ suh that D(i, β) ⊆
D(j, γ).
A θ-overing matrix D is transitive if α ∈ D(i, β) implies D(i, α) ⊆ D(i, β).
A θ-overing matrix D is losed if supX ∈ D(i, β) for all X ∈ [D(i, β)]≤θ.
A θ-overing matrix D is uniform if for all β < λ, D(i, β) ontains a lub subset of
β for eventually all i < θ.
βD ≤ λ is the least β suh that for all i and γ, otp(D(i, γ)) < β. D is normal if
βD < λ.
Example 2.3. d : [κ+]2 → of(κ) is normal if D(d) is a normal of(κ)-overing
matrix on κ+ with βD = κ.
We will be interested in the matries produed by the following lemma:
Lemma 2.4. For every singular ardinal κ, there is a uniform, losed, transitive
of(κ)-overing matrix D on κ+ with βD = κ.
Proof. Let κ be singular of onality θ. Fix {κi : i < θ} inreasing sequene of
regular ardinals onverging to κ. Let φα : κ → α be a surjetion for all α < κ
+
suh that φα[κi] ontains a lub subset of α whenever α is limit of onality smaller
than κi. Now set D0(i, β) = φβ [κi] for all i < θ and β < κ
+
. Dene by reursion
over ξ ≤ θ+ and limit and n < ω:
• Dξ+2n+1(i, β) = Dξ+2n(i, β),
• Dξ+2n+2(i, β) =
⋃
{Dξ+2n+1(i, α) : α ∈ Dξ+2n+1(i, β)},
• Dξ(i, β) =
⋃
{Dη(i, β) : η < ξ}.
Now set D(i, β) = Dθ+(i, β) and hek that D = {D(i, β) : i < θ, β < κ
+} is a
uniform, losed, transitive of(κ)-overing matrix D on κ+ with βD = κ. 
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Denition 2.5. Let D = {D(j, β) : j < θ, β < λ} be a θ-overing matrix on λ.
CP(D) holds if there is A unbounded subset of λ suh that [A]θ is overed by D.
S(D) holds if there is S stationary subet of λ suh that for all families {Si : i < θ}
of stationary subsets of S there are j < θ and β < λ suh that Si ∩D(j, β) is non-
empty for all i < θ.
We will ome bak to the relation between approahability and overing matries
at the end of this setion, we now aim to investigate the onsisteny of S(D) and
CP(D) for a large variety of overing matries D.
2.2. Consisteny of CP(D) and S(D).
Fat 2.6. Assume R(λ, θ) holds and D is a uniform θ-overing matrix on λ. Then
S(D) holds.
Proof. Let D be a uniform θ-overing matrix on λ and {Si : i < θ} be a family of
stationary subsets of S. By R(λ, θ) nd δ suh that Si reets on δ for all i < θ.
Now D is uniform, so there is a j < θ suh that D(j, δ) ontains a lub subset of
δ. Thus Si ∩ D(j, δ) is non-empty for all i < θ. Sine the family {Si : i < θ} is
arbitrary S(D) holds as witnessed by S. 
Corollary 2.7. MM implies S(D) for all uniform θ-overing matries D on λ
whenever λ > ℵ1 is a regular ardinal and ℵ1 ≥ θ.
Proof. MM implies R(λ,ℵ1) holds as witnessed by S
λ
ω for all regular λ > ℵ1. 
In [15℄ it is shown the following:
Theorem 2.8. PFA implies CP(D) for all ω-overing matrix D on a regular λ > ℵ2.
We now investigate the relation between CP(D) and S(D) and show that they
are equivalent whenever D is transitive and losed.
2.3. When are CP(D) and S(D) equivalent?
Proposition 2.9. Let D be a θ-overing matrix on λ. The following holds:
(i): CP(D) implies S(D) whenever D is losed,
(ii): S(D) implies CP(D) whenever D is transitive.
Proof. We rst show (i). We will atually show that CP(D) implies S(D) is wit-
nessed by Sλθ . So let {Si : i < θ} be a family of stationary subsets of S
λ
θ . By
CP(D), there is X unbounded in λ suh that [X ]θ is overed by D. We laim that
[X ∩ Sλθ ]
θ
is overed by D. To see this, let Z be in this latter set and nd Y ⊆ X
of size θ suh that Z ⊆ Y . Now nd i and β suh that Y ⊆ D(i, β). Sine D(i, β)
is losed under sequenes of size at most θ, Z ⊆ Y ⊆ D(i, β).
Now pik M ≺ H(λ) with λ large enough suh that |M | = θ ⊆M and θ,X, {Si :
i < θ} ∈ M . Now Si ∩X is non-empty for all i < θ. By elementarity, M sees this
and so M ∩ Si ∩X is non-empty for all i < θ. However M ∩X ∩ S
λ
θ has size θ so
there are j and β suh that M ∩X ∩ Sλθ ⊆ D(j, β). So Si ∩D(j, β) is non-empty
for all i < θ. This proves the rst impliation.
We now show (ii). So assume S(D) holds for a transitive θ-overing matrix D
on λ. Let S witness S(λ, θ) and Ti be the set of α ∈ S suh that
Siα = {β ∈ S \ α : α ∈ D(i, β)}
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is stationary. It is straightforward to see that for some i < θ, Ti is stationary. We
aim to show that [Ti]
θ
is overed by D: let X ∈ [Ti]
θ
and onsider the family of
stationary sets {Siα : α ∈ X}. Sine X has size θ, by S(D) there are some j < θ and
δ < λ suh that Siα ∩D(j, δ) is non-empty for all α ∈ X . W.l.og. we an suppose
that j ≥ i. Now for any α ∈ X ⊆ Ti, there is βα ∈ D(j, δ)∩S
i
α, i.e. βα is suh that
α ∈ D(i, βα). Sine D is a transitive overing matrix and j ≥ i,
α ∈ D(i, βα) ⊆ D(j, βα) ⊆ D(j, δ).
This means that X ⊆ D(j, δ). Sine X is arbitrary we an onlude that [Ti]
θ
is
overed by D. 
2.4. A weak form of diagonal reetion. We aim to show that CP(D) or S(D)
strongly limits the kind of behavior a θ-overing matrix D on λ may have. We
shall now see that CP(D) plus suitable assumptions on the proportion between the
width θ and the height λ of D imply that there is an unbounded subset of λ suh
that all its initial segments are overed by D. One this is ahieved, it will be easy
to onlude that R(λ, θ) implies that all points of onality λ below κ+ are weakly
approahable whenever κ > λ is a singular ardinal of onality θ. We now prove
that a weak form of diagonal reetion of stationary sets on many overing matries
D follows from S(D) or CP(D).
Lemma 2.10. Assume D is a θ-overing matrix on λ, S(D) holds as witnessed
by S and that either λ is θ-inaessible or λ ∈ (θ, θ+ω). Then for all families
{Sβ : β < λ} of stationary subsets of S there are δ < λ and i < θ suh that
Sα ∩D(i, δ) is non-empty for all α < δ.
Lemma 2.11. Assume D is a θ-overing matrix on λ. CP(D) holds as witnessed
by T and that either λ is θ-inaessible or λ ∈ (θ, θ+ω). Then there are stationarily
many δ < λ suh that T ∩ δ ⊆ D(i, δ) for some i < θ.
We give a detailed proof of the rst lemma. The seond lemma is proved by a
self evident step by step modiation of this argument.
Fat 2.12. Let θ < λ < ν be regular ardinals suh that λθ < ν, D = {D(j, β) :
j < θ, β < ν} a θ-overing matrix on ν and assume S(D) holds as witnessed by S.
Let {Si : i < λ} be a family of stationary subsets of S. Then there are j < θ and
β < ν suh that Si ∩D(j, β) is non-empty for all i < λ.
Proof. Assume not and let {Si : i < λ} ontradit the fat. We need to nd j < θ
and β < ν suh that Si ∩ D(j, β) is non empty for all i < λ. For X ∈ [λ]
θ
let
by S(D), kX < θ and βX < ν be suh that Si ∩ D(kX , βX) is non-empty for all
i ∈ X . By our assumptions, λθ < ν. For this reason β = supX∈[λ]θ βX < ν. Now
by property (ii) of D, we have that for all X ∈ [λ]θ, D(kX , βX) ⊆ D(jX , β) for
some jX < θ. Let Cj be the set of X suh that jX = j. Now notie that for at least
one j, Cj must be unbounded in [λ]
θ
, otherwise [λ]θ would be the union of θ-many
bounded subsets, whih is not possible sine λ has onality dierent from θ. Then
Si ∩D(j, β) is non-empty for all i < λ, sine every i ∈ λ is in some X ∈ Cj , as Cj
is unbounded. This ompletes the proof of the fat. 
Fat 2.13. Assume λ ∈ (θ, θ+ω), ν > λ is regular and S(D) holds for some θ-
overing matrix D on ν and is witnessed by S. Let {Si : i < λ} be a family of
stationary subsets of S. Then there are j < θ and β < ν suh that Si ∩D(j, β) is
non-empty for all i < λ.
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Proof. Proeed by indution on n so assume the laim holds for θ+n and let λ =
θ+(n+1) and {Si : i < λ} be a family of stationary subsets of S. By the indutive
assumption for all i < λ, there are ki < θ and βi < ν suh that Sj∩D(ki, βi) is non-
empty for all j < i. Sine λ < ν there is β < ν larger than all βi. Now by property
(ii) of D we have that for all i < λ there is ji < θ suh that D(ki, βi) ⊆ D(ji, β).
Find U unbounded subset of λ suh that for all i ∈ U , ji = j. We an onlude that
Sl ∩D(j, β) is non-empty for all l < λ, sine Sl ∩D(ki, βi) is non-empty provided
l < i and i ∈ U and D(ki, βi) ⊆ D(j, β). 
We are now ready to prove lemma 2.10.
Proof. Assume not and let {Sβ : β < ν} ontradit the lemma. For eah δ of
onality larger then θ, let γδ < δ be the least suh that for all i < θ there is
γδi < γδ suh that Sγδi ∩ D(i, δ) is empty. Find A stationary subset of ν suh
that γδ = γ for all δ ∈ A. By our assumption on ν and fats 2.12 and 2.13, we
know that there are i < θ and δ0 < ν suh that Sα ∩D(i, δ0) is non empty for all
α < γ. Pik δ ∈ A \ δ0 and j < θ suh that D(i, δ0) ⊆ D(j, δ). Then we get that
Sγδj ∩D(j, δ) is non-empty sine Sγδj ∩D(i, δ0) is non-empty and D(i, δ0) ⊆ D(j, δ).
This ontradits the very denition of γδj . 
In partiular we have shown the following:
Fat 2.14. Assume λ is either θ-inaessible or λ ∈ (θ, θ+ω) and S(D) holds for a
transitive θ-overing matrix D on λ. Then there is A unbounded subset of λ suh
that [A]<λ is overed by D.
2.5. Main result. We are now in the position to state our main result:
Theorem 2.15. Assume κ is singular of onality θ and a regular λ < κ is either
θ-inaessible or in (θ, θ+ω) and suh that S(D) (or equivalently CP(D)) holds for
all uniform, losed and transitive θ-overing matries D on λ. Then lub many
points in κ+ of onality λ are approahable.
Proof. Fix d : [κ+]2 → θ suh that D(d) = {D(i, β) : i < θ, β < κ+} is a normal,
uniform, losed and transitive θ-overing matrix on κ+, where D(i, β) = {α < β :
d(α, β) ≤ i}. Suh a d exists by lemma 2.4. By property 2.1 it is enough to show
that all points of onality λ are d-approahable. Let β be suh that of(β) = λ.
Find A = {δξ : ξ < λ} losed and unbounded subset of β of minimal order-type.
Let pi be the transitive ollapse of A on λ and E = {E(i, ξ) : i < θ, ξ < λ} be the
matrix whose entries are the sets pi[D(i, δξ) ∩ A]. Then E is a uniform, losed and
transitive θ-overing matrix on λ. By S(E) and fat 2.14, there is B unbounded
subset of λ suh that [B]<λ is overed by E . Thus B ∩ η ⊆ E(iη, ξη) for some
iη < θ and ξη ∈ B \ η for all η ∈ B. Rene {ξη : η ∈ B} to un unbounded subset
C suh that ξη < γ for all ξη < ξγ ∈ C. Thus ξη ∈ B ∩ γ ⊆ E(iγ , ξγ) for all
ξη < ξγ ∈ C. Let D be an unbounded subset of C suh that for some xed j,
iη = j for all ξη ∈ D. Now if ξη < ξγ ∈ D we have that ξη ∈ B ∩ γ ⊆ E(j, ξγ) i.e.
d(pi−1(ξη), pi
−1(ξγ)) ≤ j, i.e pi
−1[D] witnesses that β is d-approahable. 
3. Joint refletion of stationary sets
We briey analyze the onsisteny strength of the hypothesis of theorem 1.
Fat 3.1. R∗(λ) holds if λ is weakly ompat.
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Proof. Reall the following haraterization of weak ompatness: λ is weakly om-
pat if for every transitive model M of ZFC minus the powerset axiom suh that M
has size λ and H(λ) ⊆M , there is an elementary embedding of M into a transitive
struture N with ritial point λ. Now let {Si : i < λ} be any family of stationary
subsets of λ. To prove R∗(λ) we must nd a δ < λ suh that Sα reets on δ
for all α < δ. Let M be a struture as above suh that {Si : i < λ} ∈ M . Let
j : M → N be elementary with N transitive and ritial point of j = λ. Then
j({Sα : α < λ}) = {Tα : α < j(λ)} and j(Sα) ∩ λ = Sα for all α < λ. Thus N
models that there is δ < j(λ) (namely δ = λ) suh that for all α < δ, Tα reets on
δ. By elementarity of j there is δ < λ suh that Sα reets on δ for all α < δ and
we are done. 
Larson (unpublished) has proved that MM implies R∗(ℵ2) while it is apparent
already in the paper of Foreman, Magidor and Shelah [6℄ that MM implies R(λ,ℵ1)
for all regular λ > ℵ1. On the other hand Magidor [11℄ has shown that R
∗(ℵn) is
equionsistent with ℵn being weakly ompat in L. Notie however that a model of
R(ℵn,ℵ0) and R(ℵn+1,ℵ0) subsume already very large ardinal assumptions sine
it an be seen that R(ℵn,ℵ0) implies failure of
4
(ℵn) and Shimmerling has shown
that failure of (ℵn) for two onseutive ardinals implies projetive deteminay
[12℄. Another senario suggested by Foreman to obtain R∗(λ) is the following:
Lemma 3.2. Assume that I is a λ-omplete, ne ideal whih onentrates on [κ]<λ
for some κ ≥ λ and suh that PI = P ([κ]
<λ)/I is a proper foring. Then R∗(λ)
holds.
Proof. First of all I is preipitous sine PI is proper ([4℄ Proposition 4.10). Let G
be a generi lter for PI . Then the ultrapowerM = V
([κ]<λ)∩V/G dened in V [G]
is well-founded. Let j : V → M be the assoiated generi elementary embedding.
Sine I is λ-omplete and ne, we have that the ritial point of j is λ. Now let
{Sα : α < λ} ∈ V be a family of stationary subsets of S
λ
ℵ0
. It is lear that M
models that j({Sα : α < λ}) = {Tα : α < j(λ)} is a family of stationary subset of
S
j(λ)
ℵ0
. Now Tα = j(Sα) and j(Sα) ∩ λ = Sα for all α < λ. Sine P is proper, Sα
is a stationary subset of λ in V [G] so it is ertainly a stationary subset of λ in M .
Then M models that j(Sα) reets on λ for all α < λ. Now the argument to show
that S∗(λ) holds in V is as in fat 3.1. 
Notie that we've hidden a large ardinal assumption in the requirement that P
is proper. The hypothesis of the lemma are satised by the non-stationary ideal
on ℵ2 in the generi extension by a Levy ollapse of a measurable λ to ℵ2. In this
ase the quotient algebra is even ountably omplete. [4℄ is a survey on generi
large ardinals. We now turn to an appliation of the main theorems 1 and 2.15 to
Chang onjetures.
4. R(ℵ2,ℵ0) denies (ℵω+1,ℵω)։ (ℵ2,ℵ1)
Reall that the Chang onjeture (λ, κ) ։ (θ, ν) holds for λ > κ ≥ θ > ν if for
every struture 〈Y, λ, κ, ...〉 with prediates for λ and κ there is X ≺ Y suh that
|X ∩λ| = θ and |X ∩κ| = ν. We will also be interested in the priniples of the form
4
For example Jensen produes from (λ) a transitive and losed ω-overing matrix D on λ
suh that CP(D) annot hold. A proof of this result by Todor£evi¢ an be found in Todor£evi¢'s
book [14℄ or in setion 2.2.1 of [16℄.
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(κ, λ)։ (θ,< θ) whih are likewise dened. It is known that (ℵ2,ℵ1)։ (ℵ1,ℵ0) as
well as many other Chang onjetures are onsistent relative to appropriate large
ardinals assumptions. For example it is possible to see that (j(κ+θ), j(κ+γ)) ։
(κ+θ, κ+γ) whenever κ is the ritial point of a 2-huge embedding and γ < θ < κ.
Developing on this, Levinsky, Magidor and Shelah in [10℄ showed that (ℵω+1,ℵω)։
(ℵ1,ℵ0) is onsistent relative to the existene of a 2-huge ardinal. However all the
known examples of a onsistent (κ+, κ)։ (θ+, θ) where κ is singular and θ regular
are suh that θ = of(κ). Thus a folklore problem in this eld is the following:
Problem 4.1. Is it onsistent that (κ+, κ) ։ (θ+, θ) for some regular θ and sin-
gular κ of onality smaller than θ?
First of all it is a simple fat that suh Chang onjetures aet ardinal arith-
meti:
Fat 4.2. Assume (κ+, κ)→ (θ+, θ) for some singular κ. Then θ+ ≤ θof(κ).
Proof. Notie that κof(κ) > κ. Now assume (κ+, κ)→ (θ+, θ). Fix λ > κ+ regular
and large enough and let H(λ) denotes the family of sets whose transitive losure
has size less than θ. FixM ≺ 〈H(λ), κ+, κ, ....〉 with |M∩κ+| = θ+ and |M∩κ| = θ.
Pik a family {Xα : α < κ
+} ∈M of distint elements of [κ]of(κ). By elementarity
of M , Xα ∩M 6= Xβ ∩M for all α, β ∈ M ∩ κ
+
. Thus we have a family of θ+
distint elements of [M ∩κ]M∩of(κ). Now |M ∩κ| = θ and |M ∩of(κ)| ≤ of(κ).
Thus θ+ ≤ |[M ∩ κ]M∩of(κ)| ≤ θof(κ). 
Cummings in [2℄ has shown that these Chang onjetures an be studied by
means of pcf-theory and has obtained several other restritions on the ombinatoris
of the singular ardinals κ whih may satisfy an instane of the above problem. For
example he has shown that these Chang onjetures subsume the existene of very
strong large ardinals, i.e. out of the sope of analysis of the urrent inner model
theory: it an be argued by the analysis brought up in [2℄ that (ℵω+1,ℵω) ։
(ℵn,ℵn−1), then ℵω fails and SCH holds at ℵω. Moreover a result by Shelah
shows that n annot be greater than5 3. We an derease 3 down to 1 and greatly
simplify their argument avoiding any mention of sales in the ase that R(ℵn,ℵ0)
holds:
Theorem 4.3. Assume R(ℵn,ℵ0) holds for some n > 1. Then (κ
+, κ)։ (ℵn,ℵn−1)
fails for all singular κ of ountable onality.
Proof. Towards a ontradition let κ and n be ounterexamples to the theorem. Fix
µ > 2κ
+
regular and large enough and M ≺ H(µ) struture ontaining all relevant
information and suh that |M ∩ κ| < ℵn and |M ∩ κ
+| = ℵn. First of all:
Claim 4.4. otp(M ∩ κ+) = ℵn.
Suppose otherwise and let γ ∈ M be suh that otp(M ∩ γ) = ℵn. Then γ ∈
M ∩ (κ, κ+). We laim that M models that γ is a regular ardinal, whih gives the
5
Cummings' analysis relies on the notion of good (or in Kojamn's notation [9℄ at) points for
a sale on
Q
n
ℵn and his main observation (Lemma 3.1 of [2℄) is that if (ℵω+1,ℵω)։ (ℵn,ℵn−1)
holds, then there are stationarily many non-good points of onality ℵn. On the other hand
Shelah has shown that lub many points of onality ℵn are good (or at) for a sale on
Q
n
ℵn
if either ℵn > 2ℵ0 (Exerise 2.9-2, Lemma 2.12 and Theorem 2.13 of [1℄) or n > 3 (Theorem 2.13
and Lemmas 2.12 and 2.19 of [1℄).
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desired ontradition sine by elementarity γ would be in the universe a regular
ardinal in (κ, κ+) whih is impossible. So suppose M models γ is not a ardinal,
then in M there is a bijetion φ of γ onto κ. If we take the transitive ollapse piM
of M , piM (φ) is now a bijetion of piM (γ) = ℵn onto piM (κ) whih is an ordinal of
size less than ℵn. Contradition. 
Fix in M a transitive, uniform and losed ω-overing matrix D on κ+ with
βD = κ. Let X =M ∩ κ
+
and δM = otp(M ∩ κ).
We will use the following:
Fat 4.5. otp(Y ) ≤ otp(Y ) + 1 for any set of ordinals Y .
This an be proved by indution on the ordertype of Y . 
Consider now the sets D(i, β) ∩X for i < ω and β ∈ X .
Claim 4.6. D(i, β) ∩X < δM for all i < ω and β ∈ X ∩ κ
+
.
Notie that for all β ∈ X ∩ κ+ and i < ω, D(i, β) ∩ X ⊆ D(j, γ) ∩ X for some
γ ∈ X \ β and j ≥ i sine D is an ω-overing matrix. So it is enough to prove the
laim for all i < ω and β ∈ X . Now if β ∈ X , D(i, β) ∈M . Sine otp(D(i, β)) < κ,
by elementarity of M , we get that otp(D(i, β) ∩X) < otp(X ∩ κ) = δM . Now δM
is a limit ordinal, so otp(D(i, β) ∩X) ≤ otp(D(i, β) ∩X) + 1 < δM . The laim is
now proved. 
Let piX be the transitive ollapse of X and set
E = {E(i, β) : i < ω, β < ℵn}
where E(i, β) = piX [D(i, pi
−1
X
(β)) ∩X ]. Now E is a transitive, uniform, ω-overing
matrix on ℵn with βE ≤ δM < ℵn. By R(ℵn,ℵ0), S(E) holds, so there is A
unbounded in ℵn suh that [A]
ℵ0
is overed by E . By lemma 2.11 [A]ℵn−1 is overed
by E . So nd γ suh that A ∩ γ has order type bigger than δM . Now there are j
and ξ suh that A ∩ γ ⊆ E(j, ξ), then:
δM < otp(A ∩ γ) ≤ otp(E(j, ξ)) < δM .
This is the desired ontradition whih proves the theorem. 
5. Some open questions and some omments
The original question by Magidor and Foreman [5℄ remains open:
Problem 5.1. Is it onsistent that S
ℵω+1
ℵ2
6∈ I[ℵω+1]?
Foreman and Cummings have indipendently shown that it is possible to fore
rightaway in ZFC by a ardinal preserving foring a transitive, uniform ω-overing
matrix on ℵ2 suh that S(D) fails. Veli£kovi¢ notied that it is possible to obtain
further ounterexamples to S(D) using Todor£evi¢'s tehniques of minimal walks
over a (ℵ2)-sequene
6
. So the reetion hypothesis on ℵ2 are needed to obtain
that S(D) holds for all uniform and transitive ω-overing matrix D on ℵ2. On the
other hand no strategy to fore S
ℵω+1
ℵ2
6∈ I[ℵω+1] seems urrently available.
A negative answer to the above problem would entail also a negative answer to
question 4.1, i.e.:
6
Todor£evi¢'s book [14℄ gives a omplete aount of the method of minimal walks and of its
appliations.
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Problem 5.2. Is it onsistent that (ℵω+1,ℵω)։ (ℵ2,ℵ1)?
It seems more fruitful to attak this problem diretly by means of Shelah's anal-
ysis of the existene of exat upper bounds for families of ordinal funtions in Ordω
(see [2℄ and setion 2 of [1℄). For example using these tehniques we an already
prove that (ℵω+1,ℵω)։ (ℵn,ℵn−1) fails if n > 3.
A omment on our main theorem 1 is in order: the theorem entails that in a
model of MM Sκ
+
λ ∈ I[κ
+, κ] for all κ of ountable onality and for all regular
λ < κ whih are ω-inaessible i.e. whih are not the suessor of a ardinal of
ountable onality. We expet this to be lose to the best possible result for
models of MM. For example onsider the following senario: κ is a superompat
ardinal and (λ+ω+1, λ+ω) ։ (ν+ω+1, ν+ω) for some ν > κ holds as witnessed
by strutures M suh that Mκ ⊆ M . This ours if there is a 2-huge ardinal
larger than κ. Now fore MM ollapsing κ to ℵ2. In the resulting generi extension
MM holds and the hain ondition of the foring is small enough to preserve the
truth of (λ+ω+1, λ+ω)։ (ν+ω+1, ν+ω). This Chang onjeture already implies that
Sλ
+ω+1
ν+ω+1
6∈ I[λ+ω+1].
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